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Abstract

The technique of “extension” allows to build (n+1)-dimensional Hamil-
tonian systems with a non-trivial polynomial in the momenta first integral
of any given degree starting from a n-dimensional Hamiltonian satisfying
some additional properties. Until now, the application of the method was
restricted to integer values of a certain fundamental parameter determin-
ing the degree of the additional first integral. In this article we show how
this technique can be generalized to any rational value of the same param-
eter. Several examples are given, among them the anisotropic oscillator
and a special case of the Tremblay-Turbiner-Winternitz system.

1 Introduction

The “extensions” of natural Hamiltonians were introduced in [4] as a tool for
building Hamiltonian systems with polynomial first integrals of any given degree.
The technique of extension was developed as the generalization of an iterative
procedure to generate a first integral of degree λ ∈ N− {0} in the momenta [3]
for the system

1

2
p2r +

1

r2

(

1

2
p2ψ +

a

sin2(λψ)

)

, (1)

This superintegrable system was already considered in [2], where it was re-
marked the existence of additional polynomial first integrals for several values
of λ ∈ Q and a general form for odd positive integers was conjectured. Then, a
generalization of the system was introduced by Tremblay, Turbiner and Winter-
nitz (TTW) [11] and, subsequently, studied by many authors (see for instance
[8, 7, 9] and references therein), proving the superintegrability of the TTW
system, and of several related new systems, for any rational value of λ.
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The technique of extensions was generalized in [5] and employed to build
new superintegrable systems from existing ones in [6]. The extension theory
can be easily generalized to complex manifolds, see [7] for details.

In this paper we develop a more general iterative procedure that in particular
allows us to construct, for any positive rational λ = m/n, a polynomial first
integral of degree m+ n− 1 of the system (1), as well as of the two uncoupled
harmonic oscillators with rational ratio λ of the frequencies

1

2
p2y +

1

2
p2x + ω2x2 +

ω2

λ2
y2. (2)

For both systems, the case of integer λ is recalled in Sec. 2, where the extension
technique is briefly summarized. Its generalization is exposed in Sec. 3, while
Sec. 4 contains several detailed examples. In the Appendix, the trigonometric
tagged functions, employed extensively in the article, are defined and some of
their properties are shown.

2 Extension of Hamiltonian systems

The extension procedure has been characterized in [4, 5]. Given a Hamiltonian L
on a 2n-dimensional Poisson manifold Q, we construct the (2n+2)-dimensional
Poisson manifold M = T × Q, where T is the cotangent bundle of a one-
dimensional manifold with the canonical symplectic form dpu ∧ du.

The main result (Proposition 1 in [5]) states that a Hamiltonian L on the
Poisson manifold Q, with Hamiltonian vector field XL, admits an extension of
the form

1

2
p2u + α(u)L + β(u),

with a polynomial first integral of the form Um(G), where

U = pu + γ(u)XL,

if and only if there exists a function G on Q that satisfies the relation

X2
L(G) = −2m(cL+ L0)G, (3)

for some m ∈ N − {0} and c, L0 ∈ R. If a solution is found for (mc,L0) with
c 6= 0, then, without loss of generality we can set L0=0. When the relation (3)
holds, the function γ is any solution of

γ′′ + 2cγγ′ = 0 (4)

and the functions α and β are calculated directly from γ through the relations

α = −mγ′, β = mL0γ
2. (5)

The form of γ, and therefore of the operator U , depends on the value of c. If
c 6= 0, then for any κ ∈ R a solution of (4) and the corresponding operator are

γ =
1

Tκ(cu)
, U = pu +

1

Tκ(cu)
XL.
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The choice L0 = 0 leads to β = 0, hence, up to inessential constants, the
extended Hamiltonian is

1

2
p2u +

mc

S2
κ(cu)

L

where the trigonometric tagged functions Sκ, Tκ are defined in the Appendix.
Conversely, if c = 0, then for any A ∈ R

γ = −Au, U = pu −AuXL

and the extended Hamiltonian, written up to inessential constants, becomes

1

2
p2u +mAL+mL0A

2u2.

The parameters in equation (3) and (4) are chosen in order to obtain a function
γ, and therefore an operator U , not depending on m. This choice, going back
to [4], gives a simpler form for γ but has a drawback: G seems to depend on the
three independent parameters m, c and L0 instead that on the two parameters
mc and mL0, as in fact it is. By setting instead c̃ = mc and L̃0 = mL0,
equations (3) and (4) become respectively

X2
L(G) = −2(c̃L+ L̃0)G, (6)

mγ′′ + 2c̃γγ′ = 0. (7)

Within this notation, G explicitly depends on two parameters only and it is
clear that G remains the same for different values of m, but γ and U become
dependent on m. A simple calculation shows that if γ(u; c) satisfies (4) then
mγ(u; c̃) satisfies (7); moreover, relations (5) hold unchanged.

In the following, the choice of parameters made in equations (6) and (7) will
be used and therefore, for c̃ 6= 0, κ ∈ R,

γ =
m

Tκ(c̃u)
, U = pu +

m

Tκ(c̃u)
XL, (8)

and the extended Hamiltonian becomes

1

2
p2u +

m2c̃

S2
κ(c̃u)

L. (9)

Conversely, for c̃ = 0, A ∈ R, we have

γ = −mAu, U = pu −mAuXL (10)

and the extended Hamiltonian becomes

1

2
p2u +m2AL+m2L̃0A

2u2. (11)

When L is a natural Hamiltonian, and therefore Q is the cotangent bundle of a
Riemannian manifold, the configuration manifolds of the extended Hamiltonians
are warped manifolds.

Several explicit examples of extensions are exposed into details in [3, 4, 6].
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Example 1. (See also [3]) We apply the extension procedure to the Hamiltonian

L =
1

2
p2φ +

a

sin2(φ)
. (12)

One of the possible extensions (with κ = 0) is

Hcal =
1

2
p2u +

λ2

u2

(

1

2
p2φ +

a

sin2 φ

)

, (13)

which coincides with the Calogero-type system (1) after the rescaling φ = λψ.
In this example c̃ 6= 0 and λ2 = m2/c̃. The relation (6) imposes a very strong
constraint on the parameters: if the function G does not depend on the mo-
menta, then (6) has a solution only for c̃ = 1 and L̃0 = 0. Hence, λ2 = m2 and
λ is necessarily an integer.

Example 2. (See also [6]) We consider the system of two uncoupled harmonic
oscillators (2). By rescaling u = λy and dividing the Hamiltonian by the con-
stant factor λ2, we get the equivalent Hamiltonian

Hosc =
1

2
p2u + λ2

(

1

2
p2x + ω2x2

)

+ λ2ω2u2. (14)

Here we have an extension of the one-dimensional harmonic oscillator with c̃ = 0,
λ2 = m2A and ω2 = AL̃0. Even in this case, the equation (6) admits a solution
not depending on the momenta only for L̃0 = ω2. This constraint implies A = 1
and λ2 = m2, forcing λ to be an integer.

Both systems of the above examples admit the maximal number of function-
ally independent first integrals, namely, H , L and UλG, for λ integer, so that
they are superintegrable. However, it is well known that Hamiltonians (13) and
(14) are superintegrable for any rational value of the parameter λ ([7, 9, 8]). In
the following we show an effective procedure to construct a third independent
first integral for non integers values of λ by means of a more general extension
procedure.

3 Extensions with rational parameters

It is useful to slightly modify the expression of the extensions introduced so far
and rename them as follows

Definition 1. The Hamiltonian

Hm =
1

2
p2u +m2α̃(u)L+m2β̃(u), (15)

defined on the Poisson manifold T ×Q, is a m-extension of L generated by G,
if

Km = (pu +mγ̃(u)XL)
m(G) (16)

is a first integral of Hm.
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The comparison between (8)-(11) and (15)-(16) shows that α̃, β̃, γ̃ are inde-
pendent of m and that in particular the following relations hold

α̃ =
α

m2
, β̃ =

β

m2
, γ̃ =

γ

m
,

(see Table 1 for their expressions according to the value of c̃). Moreover, G must
satisfy (6).

c̃ = 0 c̃ 6= 0

α̃ = −γ̃′ = A
c̃

S2
κ(c̃u)

β̃ = L̃0γ̃
2 = L̃0A

2u2 0

γ̃ = −Au 1

Tκ(c̃u)

Table 1: Functions involved in the m-extension of L

In order to write as extensions the Hamiltonians (13), (14) with λ = m
n , one,

naively, should divide α̃, β̃, γ̃ by n2. This corresponds, roughly speaking, to a
m-extension of L/n2. More precisely,

Definition 2. The Hamiltonian

Hm,n =
1

2
p2u +

m2

n2
α̃(u)L+

m2

n2
β̃(u), (17)

defined on the Poisson manifold T ×Q, is called a (m,n)-extension of L gen-
erated by a function Gn if

Km,n =
(

pu +
m

n2
γ̃(u)XL

)m

(Gn) (18)

is a first integral of Hm,n, where α̃, β̃, γ̃ are defined as in Table 1.

Lemma 1. A Hamiltonian L admits a (m,n)-extension generated by a function
Gn, if and only if the function Gn satisfies

X2
L(Gn) = −2n2(c̃L+ L̃0)Gn. (19)

Proof. The Hamiltonian L(n) =
1

n2
L admits a m-extension if and only if there

exists a function Gn satisfying

X2
L(n)(Gn) = −2

(

c̃L(n) + L̃
(n)
0

)

Gn.

The m-extension of L(n) is then given by

1

2
p2u +m2α̃L(n) +m2β̃(n), (20)

with first integral
(pu +mγ̃XL(n))

m
(Gn),
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where β̃(n) = L̃
(n)
0 γ̃2 and α̃, β̃, γ̃ are given by Table 1. The definition of L(n)

implies
1

n4
X2
L(Gn) = −2

(

c̃

n2
L+ L̃

(n)
0

)

Gn.

Hence, after setting β̃ = L̃0γ̃
2, one has

β̃(n) = L̃
(n)
0 γ̃2 =

1

n2
L̃0γ̃

2 =
1

n2
β̃

and the extension (20) becomes

1

2
p2u +

m2

n2
α̃L+

m2

n2
β̃

which coincides with the (m,n)-extension of L.

Remark 1. The Proof of Lemma 1 shows that it is not restrictive to assume
in Definition 2 that α̃, β̃, γ̃ are those given in Table 1.

Consequently, the search for extensions with rational parameter reduces to
the search for solutions of (19). Theorem 2 shows how to construct iteratively
solutions Gn of (19) starting from a known solution G of (6).

Theorem 2. Let G be a function on Q satisfying

X2
L(G) = ΛG

with XL(Λ) = 0, then the recursion

G1 = G, Gn+1 = XL(G)Gn +
1

n
GXL(Gn), (21)

satisfies, for any n ∈ N− {0},

X2
L(Gn) = n2ΛGn.

Proof. By induction on n. For n = 1, one has G2 = 2GXL(G) and the relation
X2
L(G2) = 4ΛG2 is straightforward. Then, let us assume that Gn satisfies

X2
L(Gn) = n2ΛGn. Recalling that for two functions A and B the formula

X2
L(AB) = X2

L(A)B + 2XL(A)XL(B) +AX2
L(B)

holds, we get

X2
L(Gn+1) = X2

L

[

XL(G)Gn +
1

n
GXL(Gn)

]

= X3
L(G)Gn + 2X2

L(G)XL(Gn) +XL(G)X
2
L(Gn) +

1

n

[

X2
L(G)XL(Gn) + 2XL(G)X

2
L(Gn) +GX3

L(Gn)
]

= ΛXL(G)Gn + 2ΛGXL(Gn) + n2ΛXL(G)Gn +

1

n

[

ΛGXL(Gn) + 2n2ΛXL(G)Gn + n2ΛGXL(Gn)
]

= (1 + 2n+ n2)ΛXL(G)Gn +
1 + 2n+ n2

n
ΛGXL(Gn)

= (n+ 1)2ΛGn+1.
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Corollary 3. A Hamiltonian L admits a m-extension Hm if and only if it
admits a (m,n)-extension Hm,n for any positive rational m/n.

Proof. If L admitsm-extensions, then there exists G satisfying (6). By Theorem
2 with

Λ = −2(c̃L+ L̃0), (22)

we can construct Gn verifying the condition (19) for any n. Hence, we can
construct the (m,n)-extension (17). The converse is straightforward.

Proposition 4. The closed form for Gn satisfying the recursion (21) is

Gn =

[n−1
2 ]
∑

k=0

(

n

2k + 1

)

ΛkG2k+1(XLG)
n−2k−1, (23)

where [·] denotes the integer part.

Proof. Since

XL(G
2k+1(XLG)

n−2k−1) = (2k + 1)G2k(XLG)
n−2k

+(n− 2k − 1)ΛG2k+2(XLG)
n−2k−2,

and using the identity

n+2k+1
n

(

n
2k+1

)

+ n−2k+1
n

(

n
2k−1

)

=
(

n+1
2k+1

)

,

by applying the recursion (21) we have that for n = 2i

G2i+1 = XL(G)G2i +
1

2i
GXL(G2i)

=

i−1
∑

k=0

(

2i

2k + 1

)(

1 +
2k + 1

2i

)

ΛkG2k+1(XLG)
2i−2k

+
i−1
∑

k=0

2i− 2k − 1

2i

(

2i

2k + 1

)

Λk+1G2k+3(XLG)
2i−2k−2

=
i−1
∑

h=0

(

2i

2h+ 1

)

2i+ 2h+ 1

2i
ΛhG2h+1(XLG)

2i−2h

+

i
∑

h=1

2i− 2h+ 1

n

(

2i

2h− 1

)

ΛhG2h+1(XLG)
2i−2h

= (2i+ 1)G(XLG)
2i + ΛiG2i+1

+

i−1
∑

h=1

[

2i+2h+1
2i

(

2i
2h+1

)

+ 2i−2h+1
2i

(

2i
2h−1

)

]

ΛhG2h+1(XLG)
2i−2h

=

i
∑

k=0

(

2i+ 1

2k + 1

)

ΛkG2k+1(XLG)
2i−2k,

7



that is (23) with n = 2i+ 1. The case n = 2i+ 1 is analogous:

G2i+2 = XL(G)G2i+1 +
1

2i+ 1
GXL(G2i+1)

=

i
∑

k=0

(

2i+ 1

2k + 1

)(

1 +
2k + 1

2i+ 1

)

ΛkG2k+1(XLG)
2i+1−2k

+

i
∑

k=0

2i− 2k

2i+ 1

(

2i+ 1

2k + 1

)

Λk+1G2k+3(XLG)
2i−2k−1

=

i
∑

h=0

(

2i+ 1

2h+ 1

)

2i+ 2h+ 2

2i+ 1
ΛhG2h+1(XLG)

2i+1−2h

+
i
∑

h=1

2i− 2h+ 1

n

(

2i

2h− 1

)

ΛhG2h+1(XLG)
2i−2h

= (2i+ 2)G(XLG)
2i+1

+

i
∑

h=1

[

2i+2h+2
2i+1

(

2i+1
2h+1

)

+ 2i−2h+2
2i+1

(

2i+1
2h−1

)

]

ΛhG2h+1(XLG)
2i+1−2h

=

i
∑

k=0

(

2i+ 2

2k + 1

)

ΛkG2k+1(XLG)
2i+1−2k,

that is (23) with n = 2i+ 2.

It follows that, if L is quadratic in the momenta, then Gn is polynomial in
the momenta of degree at most

n (1 + deg(G))− 1.

From [5], we can derive the explicit expression of the first integrals Km,n of
any (m,n)-extension

Proposition 5. Let Gn be a recursion with G1 = G satisfying (6), that is with
Λ given by (22). We have

Km,n = Pm,nGn +Dm,nXL(Gn), (24)

with

Pm,n =

[m/2]
∑

k=0

(

m

2k

)

(m

n
γ̃
)2k

pm−2k
u Λk,

Dm,n =
1

n

[(m−1)/2]
∑

k=0

(

m

2k + 1

)

(m

n
γ̃
)2k+1

pm−2k−1
u Λk, m > 1,

where [·] denotes the integer part and D1,n = m
n2 γ̃.

1

1 We remark that in Theorem 3 of [5] the upper limit of the sum in Dm is misprinted as
[m/2]− 1 instead of [(m− 1)/2].
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Proof. Since the first integralKm,n of a (m,n) extension of L is the first integral
of a m extension of L/n2, by Lemma 1 it follows that Theorem 3 of [5] can be
easily adapted, once we set γ → γ̃m/n2, −2m(cL + L0) → n2Λ and G → Gn.
The result is straightforward.

It follows that the degree of the first integral Km,n, for L quadratic in the
momenta, is

m+ deg(Gn) ≤ m+ n (1 + deg(G))− 1.

When m and n are not reciprocally prime, one can expect that the polyno-
mial Km,n factorizes into a number of factors, some of them again in the form
Kr,s, where m = a0r, n = a0s, a0, r, s ∈ N − {0}. Indeed, the computation of
several examples suggests that Kr,s is then a divisor of Km,n.

4 Examples of (m, n)-extensions

Once a m-extension of a Hamiltonian L is known, it is straightforward to build
any (m,n)-extension of L, as the following examples show.

4.1 Two uncoupled oscillators

Let us consider the two uncoupled harmonic oscillators described by the Hamil-
tonian (14), extension of

L =
1

2
p2x + ω2x2,

for integer values of the parameter λ. In this case the vector field XL is given
by

XL = px
∂

∂x
− 2ω2x

∂

∂px
.

We can easily find aG(x) not depending on the momenta satisfying the condition
(6), with c̃ = 0, L̃0 = ω2; indeed (6) reduces to

p2x(G
′′)− 2ω2(xG′ −G) = 0.

Thus, G = x up to an inessential multiplicative constant and XL(G) = px.
Then, by setting A = 1, we can construct the (m,n)-extension of L

Hm,n =
1

2

(

p2u +
(m

n

)2

p2x

)

+ ω2
(m

n

)2
(

x2 + u2
)

,

for any m,n positive integers, which is equivalent (up a rescaling and a constant
factor) to (2) with λ = m/n. The first terms in the recursion (21) are

G1 = x,

G2 = 2x px,

G3 = 3x p2x − 2ω2x3,

G4 = 4x p3x − 8ω2x3 px,

G5 = 5x p4x − 20ω2x3 p2x + 4ω4x5.
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Alternatively, formula (23) becomes in this case

Gn =

[n−1
2 ]
∑

k=0

(

n

2k + 1

)

(−2ω2)kx2k+1pn−2k−1
x .

For some values of (m,n) we get the following first integrals

K1,1 = x pu − u px,

K1,2 = 2x pxpu − u

(

1

2
p2x − ω2x2

)

,

K2,2 = 2(x pu − u px)(pxpu + 2ω2xu),

K3,2 = 2x pxp
3
u −

9

2
u p2xp

2
u + 9ω2x2u p2u − 27ω2xu2 pxpu,

+
27

4
ω2u3 p2x −

27

2
ω4x2u3.

We remark that K2,2 is a multiple of K1,1. This factorization is related to the
fact that (1, 1) and (2, 2) represent the same rational number.

4.2 Calogero-type systems

We consider now the (m,n)-extensions of the Hamiltonian (12). In this case the
vector field XL is given by

XL = pφ
∂

∂φ
+

2a cosφ

sin3 φ

∂

∂pφ
.

We can easily find aG(φ) not depending on the momenta satisfying the condition
(6), with c̃ = 1, L̃0 = 0; indeed (6) splits into

(G′′ +G) = 0, G′ +
sinφ

cosφ
G = 0.

Thus, up to an inessential multiplicative constant, a solution is G = cosφ and
XL(G) = pφ sinφ. Then, by (21) we can construct the sequence of Gn, whose
first terms are

G1 = cosφ,

G2 = − sin 2φ pφ,

G3 = − cos 3φ p2φ −
2a cos3 φ

sin2 φ
,

G4 = sin 4φ p3φ − 8a cos3 φ

sinφ
pφ,

G5 = cos 5φ p4φ +
4a(6 cos2 φ− 5) cos3 φ

sin2 φ
p2φ +

4a2 cos5 φ

sin4 φ
.

We can construct the (m,n)-extension of L

Hm,n =
1

2
p2u +

m2

n2S2
κ(u)

(

1

2
p2φ +

a

sin2(φ)

)

,

10



for any m,n positive integers. According to the sign of the parameter κ, the
extended Hamiltonian is defined on the cotangent bundle of a sphere (κ > 0), of
a plane (κ = 0) or of a pseudo-sphere (κ < 0). Moreover, for κ = 0 the extension
coincides with (13) that, after the rescaling φ = λψ, becomes the Hamiltonian
(1)

H =
1

2
p2u +

1

u2

(

1

2
p2ψ +

a

sin2(λψ)

)

,

for any rational λ = m/n. This Hamiltonian generalizes the Calogero three
particle chain without harmonic term (obtained for λ = 3, see [2], also known
as Jacobi system) and it was the starting point of our work in [3]. This is a
particular case of the TTW system [11].

As an example, we compute a first integral of the extension (13) for (m,n) =
(2, 3) i.e., λ = 2/3,

K2,3 = − cos 3φ p2up
2
φ +

4

3u
sinφ(4 cos2 φ− 1) pup

3
φ +

4 cos 3φ

9u2
p4φ − 2a cos3 φ

sin2 φ
p2u

+
8a cos2 φ

u sinφ
pupφ +

8a(5 cos2 φ− 3) cosφ

9u2 sin2 φ
p2φ +

16a2 cos3 φ

9u2 sin4 φ
.

4.3 Three-sphere

Any example of m-extension taken from [3, 4, 5, 6] can be easily transformed
into a (m,n)-extension. For example, let us consider from [4] the m-extension
of the geodesic Hamiltonian

L =
1

2

(

p2η +
p2ξ1

sin2 η
+

p2ξ2
cos2 η

)

on the three-sphere S3, with coordinates (η, ξ1, ξ2) where 0 < η < π/2, 0 ≤ ξi <
2π and the parametrization in R4 given by

x = cos ξ1 sin η, y = sin ξ1 sin η, z = cos ξ2 cos η, t = sin ξ2 cos η.

Equation (6) admits a complete solution (i.e., a solution depending on the max-
imal number of parameters ai) if and only if mc = c̃ equals the curvature K = 1
of the three-sphere [4].The complete solution is

G = (a3 sin(ξ1) + a4 cos(ξ1)) sin(η) + (a1 sin(ξ2) + a2 cos(ξ2)) cos(η)

= a4x+ a3y + a2z + a1t,

with ai constants. We look for compatible potentials V , i.e., functions that can
be added to L in such a way that G satisfies (6) for the natural Hamiltonian
L + V . It is easier to find compatible V when some of the parameters ai in G
are assigned. For example, if a2 = a3 = a4 = 0, a compatible potential is

V =
sin ξ1

cos ξ2 cos η sin η
.

11



With this choice of (ai), the first three Gn obtained from G = sin ξ2 cos η are

G1 = sin ξ2 cos η,

G2 = − sin 2η sin2 ξ2 pη + 2 sin ξ2 cos ξ2 pξ2 ,

G3 = − cos 3η sin3 ξ2 p
2
η − 6 sin η sin2 ξ2 cos ξ2 pηpξ2 −

cos3 η

sin2 η
sin3 ξ2 p

2
ξ1

+
sin ξ2(3 cos

2 ξ2 − cos2 η sin2 ξ2)

cos η
p2ξ2 − 2

sin3 ξ2 sin ξ1 cos
2 η

cos ξ2 sin η
,

the (m,n)-extension of L+ V is

Hm,n =
1

2
p2u +

(m

n

)2 L+ V

S2
κ(u)

,

and, for example, a first integral of H1,2 is

K1,2 =
1

Tκ(u)

(

−1

2
cos 2η sin2 ξ2 p

2
η −

sin η cos ξ2 sin ξ2
cos η

pηpξ2

− cos2 η sin2 ξ2

2 sin2 η
p2ξ1 +

cos2 ξ2 − cos2 η sin2 ξ2
2 cos2 η

p2ξ2 −
sin2 ξ2 sin ξ1 cos η

sin η cos ξ2

)

− 2 sin 2η sin2 ξ2 pupη + 2 sin ξ2 cos ξ2 pupξ2 .

5 Conclusions

In this article we show that the technique of extensions can be modified in order
to be applied successfully also to a class of Hamiltonian systems (including some
known superintegrable ones) depending on rational values of a parameter. Many
properties of the first integrals obtained, for instance their factorization, need
a deeper analysis and the possibility of the use of the technique to build new
extended systems with rational parameters is still unexplored. This short expo-
sition is certainly not a complete theory of extensions with rational parameters,
but it represents a solid ground for building such a theory.

6 Appendix

The trigonometric tagged functions

Sκ(x) =















sin
√
κx√
κ

κ > 0

x κ = 0
sinh

√
|κ|x√

|κ|
κ < 0

Cκ(x) =







cos
√
κx κ > 0

1 κ = 0

cosh
√

|κ|x κ < 0
,

Tκ(x) =
Sκ(x)

Cκ(x)
,

are employed, explicitly or not, by several scholars (see [10], [1]) and appear in
several branches of mathematics.

The trigonometric tagged functions satisfy a number of properties analogous
to those of ordinary trigonometric functions. Their main advantage is to unify

12



trigonometric and hyperbolic functions in a homogeneous way. From the defi-
nition it follows that Sκ(x) is an odd function while Cκ(x) is an even function
but, if κ ≤ 0 and x ∈ R they are no more periodic. The basic properties are

C2
κ(x) + κS2

κ(x) = 1,

Sκ(x± y) = Sκ(x)Cκ(y)± Cκ(x)Sκ(y),

Cκ(x± y) = Cκ(x)Cκ(y)∓ κSκ(x)Sκ(y),

from these the duplication formulas can be obtained

Sκ(2x) = 2Sκ(x)Cκ(x),

Cκ(2x) = C2
κ(x) − κS2

κ(x) =

{

2C2
κ(x) − 1,

1− 2κS2
κ(x).

The bisection formula

C2
κ(x) =

1 + Cκ(2x)

2

is always true, while one has to set κ 6= 0 in order to obtain

S2
κ(x) =

1− Cκ(2x)

2κ
.

The functions Sκ(x) and Cκ(x) are related through differentiation:

d

dx
Sκ(x) = Cκ(x)

d

dx
Cκ(x) = −κSκ(x).

Hence, the linear combinations of Sκ(x) and Cκ(x) provide the general solution
of the differential equation

F ′′ + κF = 0.
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